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Abstract. We extend the work in our earlier article [4] to show that time- 
periodic, asymptotically-flat solutions of the Einstein equations analytic at X, 
whose source is one of a range of scalar-field models, are necessarily stationary. We 
also show that, for some of these scalar-field sources, in stationary, asymptotically- 
flat solutions analytic at I, the scalar field necessarily inherits the symmetry. 
To prove these results we investigate miscellaneous properties of massless and 
conformal scalar fields coupled to gravity, in particular Bondi mass and its loss. 



1. Introduction 

In this article, we continue the study begun in [4] (paper I) of asymptotically-flat 
solutions of Einstein's equations that are periodic in time. In [4], we showed that 
such space-times, if either vacuum or electrovacuum and analytic at Z, are necessarily 
stationary near X. Here we extend this result to space-times whose source is one of a 
range of scalar field models. 

In [4], we also considered the problem of inheritance of symmetry. This is the 
question of whether, if a space-time which is a solution of Einstein's equations with 
some matter source has a symmetry, the matter source necessarily has the same 
symmetry. For asymptotically-flat electrovacuum space-times which are analytic near 
X we showed that the symmetry is necessarily inherited. For scalar field sources, we 
now obtain the same result in some cases but not in others. 

The scalar fields we consider fall into two broad classes. The first class includes 
the complex, massless Klein-Gordon (KG) field which satisfies the wave equation (1) 
and has energy-momentum tensor as in (2). Here we prove 
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Theorem 5.2: A weakly-asymptotically-simple time-periodic solution of the 
Einstein-massless-KG field equations which is analytic in a neighbourhood of X~ 
necessarily has a Killing vector which is time-like in the interior and extends to a 
translation on X~ . 

It is also possible to include a potential for the scalar field, as in subsection (2.3), and 
therefore to include a mass-term, and the above result will continue to hold subject to a 
weak condition on the potential. Now one knows, for example from [6], that there exist 
boson-star solutions of the Einstein-massive-KG system for which the metric is static, 
spherically-symmetric and asymptotically-flat, while the complex scalar field takes the 
form f{r)e lut : these solutions are genuinely periodic in time but not stationary, and 
the source does not inherit all the symmetries of the metric. However, it is easy to 
see that these solutions are not analytic near X, which is why they do not violate our 
result. 

The other class of scalar fields contains what we shall call the conformal scalar 
field, that is, it satisfies the conformally- invariant wave equation (35). For simplicity, 
we shall take the field to be real, though the formalism allows a complex field. In 
the real case, there is a conserved energy-momentum tensor for such a source due 
originally to [15] (see also [8] and [16]), given in (36). This leads to a form of the 
Einstein equations (37) studied in [12], where it was shown that there is a well-posed 
initial value problem. With suitable data on hyperboloidal surfaces extending to X, 
there exist asymptotically-flat solutions even with a regular point at i + [12]. Explicit 
static spherically-symmetric solutions were earlier given in [2], [3]. Starting from the 
assumption of an asymptotically-flat solution of these Einstein equations, we may 
proceed as before, with the corresponding result: 

Theorem 5.3: A weakly- asymptotically- simple time-periodic solution of the 
Einstein- conformal- scalar field equations which is analytic in a neighbourhood of I~ 
necessarily has a Killing vector which is time-like in the interior and extends to a 
translation on X" . 

Turning to the question of inheritance, for the first class of fields we show (Theorem 
6.1) that the only way a stationary symmetry can fail to be inherited in the class of 
space-times under consideration is if the (necessarily complex) scalar field has the form 
f{x l )e lu ' t in terms of comoving space-coordinates x l and time t. This is periodic and 
the previous result can be applied to deduce that the symmetry is in fact inherited. 
For a complex conformal scalar field, the same argument can be used to show that 
there are no non-inheriting fields of this form but this is only a partial result as we 
cannot characterise the non-inheriting fields in the same way. 

The plan of the article is as follows: in section 2 we review the Einstein- 
massless-KG equations and show how to formulate the conformal Einstein-massless- 
KG equations, by which we mean the equations formulated for an unphysical, rescaled 
metric which correspond to the physical Einstein-massless-KG equations. This enables 
the equations to be extended to X. In section 3, we do the same thing for the Einstein- 
conformal-scalar equations, using the conserved enery-momentum tensor proposed 
in [15] (see also [8]). This energy- momentum tensor does not satisfy the Dominant 
Energy Condition, but we give some arguments why it might none-the-less lead to 
positive total energy. In section 4, we give expressions for the Bondi mass and Bondi 
mass-loss for both classes of scalar field sources. The Bondi mass-loss for the conformal 
scalar field is not manifestly positive (at X + ) but in the periodic case the average over 
a period is. In section 5, we recall the coordinate and null-tetrad system used in [4] 
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and prove Theorems 5.2 and 5.3, to show that, in this setting, periodic solutions are 
actually stationary. The proof is much as in [4] : one shows inductively that all radial 
derivatives of all metric components at T~ are w-independent so that K — d/dv is a 
Killing vector. In section 6, we discuss inheritance and prove Theorem 6.1 to show 
that stationarity is necessarily inherited in an analytic, weakly-asymptotically-flat, 
Einstein-massless-KG solution. 

In order to be able to follow clearly the arguments in the main text, in Appendix 
A we review all Newman-Penrose equations for a general source: that is, the 
commutation relations of the NP operators, and the Ricci and Bianchi identities. In 
Appendix B the conformally rescaled scalar wave equations and conformal Bianchi 
identities for the massless scalar field are written down in unphysical space in 
manifestly regular form. The regular conformal Bianchi identities for conformally 
invariant scalar fields follow in fact from the conformal Bianchi identities for any 
matter field for which the Ricci spinor behaves as 0(il 2 ) at X. The projections of 
the Bianchi identities are given in section B4 of Appendix B. The asymptotic form of 
the solutions of the Einstein-massless-scalar field equations at future null infinity I + 
is discussed in Appendix C; this is used in section 4 in the derivation of the Bondi 
mass and the mass-loss formula for both massless-Klein-Gordon field and conformal- 
scalar field. Finally, in Appendix D we give some examples of exact solutions of the 
Einstein-conformal-scalar equations and discuss the possible presence of singularities. 

2. The massless KG field 

2.1. Basic relations 

First we investigate the complex scalar field which satisfies the massless Klein-Gordon 
equation in the physical spacetime, 



0. 



(1) 



We shall consistently use the tilde to indicate quantities in the physical space-time, 
untilded quantities referring to the rescaled, unphysical space-time. The energy- 
momentum tensor whose conservation is implied by this equation is 



T„h = 



1 

47T 



- 9ab9 



(2) 



First we have to determine the conformal behaviour of the scalar field. Since the 
wave equation (1) is not conformally invariant, there is a priori no preferred choice. 
However, since near Z~ (f — > oo) the radiative part of the field behaves as 



(3) 



and we wish to have a non- vanishing regular unphysical field on X , we define 



4> = fi <t>. 

In the following, we employ the notation 



(4) 
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<PAA' = ^AA'4>, PAA' = SAA' = VaA'O, (5) 

and using the NP formalism $ we denote the components of the fields s a and (p a by 
special symbols: 

Dfi = soo' = So, Si} = sov = Si, STi = s 10 > = Si = Si, AO = su' = S 2 , 
D4> = <^oo' = Vo, S(f> = ipov = <Pi, S(f> = <pw = <Pi, A</> = <p lv = <p 2 , 

and correspondingly with tildes in the physical spacetime. 

In this notation, the spinor form of Einstein's equations in the physical spacetime is 

®ABA'B> = 2 (f( A {A> <?B')B)> ^ 

6 A = -Lp c (p c , 



the components of the Ricci spinor with respect to the spin basis are 



$00 = 


2<?0 ^0: 


$01 = 


2^(0^1): 


$02 = 




$11 = 


^(0^2) + P(l ^1) 


$12 = 


2<?(1<P2): 


$22 = 


2<?2 ^2: 



(8) 



and the scalar curvature is 



^(0^2) + P(l¥>l) 



(9) 



2.2. The conformal Einstein-massless-KG equations 



In this subsection, we find a system of equations regular at I for all unphysical 
quantities. This system, by analogy with Friedrich's 'conformal Einstein equations' 
[10] we shall call the 'conformal Einstein-massless-KG equations'. 

In [4] we derived the physical Bianchi identities expressed in terms of the 
unphysical quantities as 

fi 2 V^VUBOD = ^(C^AB)A'B' + sf C ®AB)A'B> + V^, V ' A (A' S B ')B)- (10) 

where saa> is given by (5), QabA'B' is the Ricci spinor and i^abcd = _1 \E' abcd 
is the rescaled Weyl spinor (see cq. (6) in I). Using the rule for the conformal 
transformation of the Ricci spinor, 

X The explicit expressions for the NP tetrad, the corresponding spin basis, the NP operators, etc., 
in the coordinate system (v,r,8,<j>) used in the following are introduced in section 3 and Appendix 
A of paper I and repeated in section 5 below. 
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^A(A' S B')B — Q<&ABA'B' — ^ ^ ABA' B' > (H) 

we find 

Va>4>ABCD= n- 2 sfc$ AB)A , B , + n- 1 Vfc^ AB )A'B'- (12) 

The right hand side of this equation is not manifestly regular on X, while the left hand 
side is regular by assumption of asymptotic flatness. 

Next we express the physical Ricci spinor via the unphysical quantities, 

$ABA'B< = 2 (f(A(A"fB')B) + 2 S(A(A' S B ')B) 

+ 2il(f>ip( A ( A , S B ,) B ) + 2£l(f>!f( A ( A , S B ,) B y 

and insert this expression into (12). 

In order to simplify the resulting equations, we introduce following notation: let 
X a , Y a and Z a be arbitrary vector fields and define 

(XYZ) = X B cY A{A , Z B , )B) . (14) 

The expression (XYZ) is obviously symmetric in YZ. It is straightforward to derive 
the relation 



(XYZ) + (ZXY) + (YZX) = 0, (15) 

with special case (XXX) = 0. 

After inserting the Ricci spinor (13) into the Bianchi identities (12), we arrive at 

V a >iPabcd = 2Q _1 (2 (sips) + 2(f> (sips) + (cpss) + {<ps s) + 00 (Vss)) 
+ 6 (sipip) + 2 ((pips) + 2 (ipips) +20 (Vips) +20 (Vcps) (16) 
+ 20 (Vipip) . 

This can be simplified using identity (15): 

Va>4>abcd = 2 001T 1 (Vss) + 2il (Vipip) 

+ 4 (sipip) + 20 (Vips) + 20 (V<ps), 

where, e.g. (Vips) = V? c {ty A ( A i Ss')b))) 80 V acts on both ip and s. The last 
equation is still formally singular on X~ because of the factor Q -1 , but using (11) we 
finally obtain 



V a >iPabcd = 2<l><l>sf c $AB)A<B' + 4 (s ip ip) + 20 (V s ip) + 20 (V s ip) 



\ (V </?</?) - 00 2 (Sips) - 00 2 (Sips) 



+ 4fl 

- 4 SI 2 00 (sip ip) 



(18) 



which is manifestly smooth at X. 
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Next we wish to derive equations for the conformal factor. The commutator of 
covariant derivatives annihilates scalars, so contracting V[ a V & ]0 = with e A B gives 
the relation 

Va'(a*b)=0. (19) 

By decomposing V ' aa ,s bb' into its symmetric and antisymmetric parts and using the 
equation above, we obtain 

VaA' SbB> = V(A(A' $B')B) + -^£AB £A'B> Oil. (20) 

The first term on the r.h.s. is given by (11). We now define the quantity (cf. eq. (15) 
in I) 

F=^fl- 1 g ab s a s b , (21) 

which is regular on X. The rule for the conformal transformation of the scalar curvature 
can be written in the form (cq. (16) in I) 

□0 = 40 A - 4 _1 A + AF. (22) 

We thus have found an expression for the second derivatives of the conformal factor 
ft: 

^AA'SBB' — O ^ ABA' B' — O & ABA' B' + ^AB^A'B' (oA-O-^ + F). (23) 

The last expression contains a term _1 A which again seems to be singular on 
X. This is not the case, however, since by (7), (4) and (21) we have 

A= [n Vc £ c + cf)$ c s c + 4> Vc s c + 2<f)4>F] . (24) 

o 

The physical scalar curvature is therefore manifestly at least O(0 3 ). 

The projections of the last equation are written down explicitly in Appendix B, 
eqs. (B14)-(B23). Now we wish to derive equations governing the quantity F. The 
contracted Ricci identities read 

W a On - V b V a s b = R d a s d . (25) 
Using the spinor decomposition of the Ricci tensor 

R ab = -2^aba'B' + 6 A cab e A' b' ■ (26) 
and the expression (23), we find after some arrangements 

^AA'F= l&V 83 ' $ABA'B' + \s BB ' $ABA'B> ~ S BB ' <t> A BA> B> 

3 3 (27) 

+ A saa' - Q~ 2 ~ks A A' + _1 Vaa'A. 
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V BB '$>ABA>B> = n- 2 V BB '$ABA>B> + 2 Q" 1 $> AB A>B> S BB ' . (28) 

Now we employ the contracted physical Bianchi identities <&abA'B' = — 3Vbb'A 
and obtain 

\7 AA ,F = S BB '$ AB A>B' - S BB ' ®ABA>B> + (A - IT 2 A) S AA , . 

(29) 

The projections of this equation can be found in Appendix B, eqs. (B25)-(B27). 

Finally we derive conformal equations for the field ifiAA 1 ■ The expression (D+4A)^ 
is conformally invariant with the conformal weight 3, so 

U<t>= -4(A-fT 2 A)<j), (30) 

where we used the wave equation (1) in the physical spacetime. The symmetric part 
of (fiBA< is zero and we find 

Va<Pba> = -IeasO^. (31) 
Combining the last two equations we arrive at 

V^Vba' = 2 (A-JT 2 a) (j) e A B- (32) 

To summarise: in the unphysical spacetime we have the following variables: 
{f2, (j), s a , (p a , F, ipABCDi ^aba'B'i A}- The evolution of these quantities is given by 
eqs. (18), (23), (29) and (32), together with the contracted Bianchi identities 



V aa '<$>abaib- = -3V BB 'A. (33) 



2.3. Potentials 



The massless KG equation (1) can be generalized to include self-interactions of the 
scalar field by adding a potential term to the energy- momentum tensor (2), 

Tab >-> Tab + -^9abV(4>,4>), 

so that the field equation acquires the form 

^7 dV 
□</> + — = 0. 
d<p 

Since the potential term in the energy-momentum tensor is proportional to the 
metric, it will contribute to the scalar curvature A, but not to the trace-free Ricci 
spinor. The new form of Einstein's equations (7) is therefore 

®ABA'B> = 2&(A(A' &B')B), . . 

6 A = -(p c Cp c + 2V. 
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For our proof we require <f> = f2 -1 and f2~ 3 A to be regular on X~, cf. (4), (29) 
and (24). From (34) we can see that this will be satisfied, if fl~ 3 V is regular on I" . In 
this case the proof works without change. An example is massless (p 4 — theory, where 
V = (<W>) 2 = 0(il 4 ). 

If there is a mass term m 2 (f>(f> in V, the asymptotic behaviour of the unphysical 
field changes to 

= 0{e- mf ), 

so 

£T 3 m 2 0| ~ m 2 fe- 2mf , 

which is regular. The field <fr is now not analytic at Z~ , so our argument does not 
apply to this case, which is the class including the boson stars of [6]. Notice, however, 
that in general the asymptotic behaviour of massive fields at I is a subtle question 
which appears to be carefully analyzed only at the level of linearized theory [18]. 



3. The conformal-scalar field 



3.1. Basic relations 

Consider now the conformal-scalar field, by which we mean a scalar field satisfying 
the equation 



(a + ^R^)4> = (□ + 4A)^ = 0. (35) 

This is conformally invariant if <fi transforms as (4), i.e. <j> = Q.<j>. For simplicity we 
assume the field <f> to be real, but the procedure is easily generalized to complex <j>. 
The energy-momentum tensor conserved due to equation (35) is (see [15], [8] or [16], 
Volume II, page 125) 



Tab - h 



2<PA(A< <PB')B - <t>^A(A' <fiB')B + <P$ABA>B> 



(36) 



Furthermore, this energy momentum tensor also has good conformal behavior, 
rescaling as 

Tab ^ T a b, 

but it will not satisfy any of the usual energy conditions. We shall return to this point. 
We take Einstein's equations to be, as usual, 

$ a6 + 3Ag ab = 47rf a6 , 

then we can solve to find 



®AB 1' 

A 



'B< = (l - 2 ) 2if)( MA , (p B ')B) ~ 0V 



(A(A' l PB')B) 



(37) 



= 0. 



These equations are singular when <j) 2 — 1 but there are known solutions which avoid 
this singularity [2], [3] (for explicit examples, see Appendix D) and it is known that 
there is a well-posed initial value problem [12] which with suitable data extends to 
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I + . We shall therefore assume that we have an asymptotically- flat solution, periodic 
in time, with (j) tending to zero at infinity, so that (p 2 < 1 everywhere. 

In the absence of the Dominant Energy Condition, it isn't clear that any version 
of the Positive Mass Theorem holds but there is some reason to expect a positive 
global energy. To see this, integrate the energy density over an asymptotically-flat 
maximal space-like hypersurface E (assuming for the moment that one exists) with 
normal N a . Note from (36) and (37) that 

T a b= "j— " ~T 2<p j4 ( j4 / (p B ')B - 4>^ A(A' 0B')B ■ 

47T 1 — 0-2 L J 

Then a measure of total energy at E is 
: = J T ab N a N b dZ 



(38) 



E 



1 

47T 

Now, 
N a N b V, 



1 



1 - 



4>N a N b V a Cp h 



(39) 



dE. 



(h 



ab 



g ab )V 



aVb 



h %3 Vi<Pj = h %3 Di(pj 

where Di is the derivative operator associated with the three-dimensional metric hij 
induced on E, if is the trace of the extrinsic curvature which vanishes for a maximal 
surface, and we have used D<p — 0. 
Note also 

9*<p a <Pb = {N a <p a ?-h ii <piCp j , 
and integrate by parts in (39) to find 



1 3 + 2 hij _ . 

2T^ h Wm 



which is manifestly non-negative. Thus on a maximal surface the global energy 
is positive without local positivity. Positive energy also holds for hyperplanes in 
Minkowski space with T a b as in (36) and we shall see something similar below, namely 
that, while the Bondi mass-loss is not necessarily positive at any particular cut, 
nonetheless the mass-loss integrated over a period in a periodic space-time is non- 
negative. 

The Ricci spinor written in terms of unphysical quantities reads 



(l - Vt 2 4> 2 ) &ABA'B' — 2f2 2 <£(A(A' <PB>)B) — ^ ^ V (A(A' <PB')B) 
- n<j) 2 V(A(A' S B')B)- 

Let us define the "rescaled Ricci spinor" 



(40) 



<pABA'B' = H 2 ®ABA>B>, (41) 

which should be distinguished from the unphysical Ricci spinor. Substituting the 
rule for conformal transformation of the Ricci spinor (11) into (40) we arrive at the 
following simple expression for the rescaled Ricci spinor: 
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4>ABA>B> ='2>¥(A(A l tPB')B) - (A(A' V B')B) + <t> ^ ABA' B' ■ 

(42) 

This spinor is regular on X~ . Notice that we do not write the tilde over 4>aba'B' (as we 
wrote over §aba'B' in (7)), since we expect that the physical Ricci spinor has been 
already expressed in terms of the unphysical quantities and the following relations 
become simpler. The components of <Paba'b> with respect to the spin basis are 

000 = 2<fl - [Dcpo - (e + e)<p + Rtpi + n<pi] + 2 $oo, 

001 = 2^0(^1 - [Dtpi + Sipo - (a + (5 + n)ip + Kip 2 + (p - s + e)tpi + aipi] + 2 $ i, 

002 = 2ip\-(j> [Sipt - Xlpq + o-(f 2 + (a - /3)<pi] + <j> 2 $02, 

012 = 2<fiV2 - ^0 [Atpi + Sip 2 - P(fi + (P + t + a)(p 2 + (7 - 7 - (f)<pi - Xipi] + 2 $12, 

022 = 2<pl-<f> [A<p 2 + (7 + 7V2 - v<Pi - vipi] + 2 $22, (43) 

0n = WP2 + fifl - \<t> [ Dl P2 + Aip + Sipi + 5<pi - (7 + 7 + (i + p,)<po] 
-\ < t>[(P + P + £ + z)P2 + (f-a + p~- ir)tp! + (r-a + p- Tr)<pi] + 2 $11. 

3.2. The conformal Einstein- conformal- scalar equations 

Now, as in subsection 2.2, we obtain a system of conformal Einstein equations, regular 
in the unphysical, rescaled space-time and equivalent to the Einstein-conformal-scalar 
equations. 

In order to derive the conformal Bianchi identities for the conformal-scalar field 
we return to the general physical Bianchi identities (12). Using the rescaled Ricci 
spinor instead of &aba< b 1 the Bianchi identities become 

^A'^abcd =3sf c <f) AB ) A , B , + tlVf c (/) AB)A , B ,. (44) 

Projections of these equations on the spin basis can be found in Appendix B, eqs. 
(B59)-(B66). 

Next we turn to the contracted Bianchi identities in the physical spacetime 

V BB '$aba>b' = -3Vaa'A, (45) 

where A = by (37). Following the rules for conformal transformation of the covariant 
derivative we find that the left hand side transforms like 

v BB '$> ABA , B , = n 2 v BB '$> ABA , B , - 2 n s BB ' $ ABA , B , (46) 

or, using (41), 



V BB '$ ABA , B , = n 4 V BS '0ABA'B', (47) 
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and thus the contracted Bianchi identities have a simple form, just as in the physical 
spacetime: 

V BS '<W<s<=0. (48) 

Projections of these equations on the spin basis can be obtained from the Bianchi 
identities (A8a)-(A8c) by deleting terms containing A and replacing $ m „ i-> <p mn . 

4. Bondi mass 

One of the necessary ingredients in this work is to find restrictions which the 
assumption of periodicity imposes on the Bondi mass. As long as the Bondi mass 
Mb(u) on I + is a non- increasing function of retarded time u, it can be periodic only 
if it is constant. In [4] we used the well-known formula for the Bondi mass of an 
electro- vacuum spacetime§, 

M B (u) = - j> AS (*° + a *°) , (49) 
when its time decrease is given by the "mass-loss" formula 

M B {u) = -^j AS (a d° + 4>% 0°) . (50) 

This expression is manifestly non-positive. To achieve periodicity of the Bondi mass 
we thus had to set &° — and ^ = 0. The loss of Bondi mass due to the gravitational 
radiation is described by the news function —a and the electromagnetic contribution 
by the quantity Periodicity thus requires the absence of both gravitational and 
electromagnetic radiation. 

In order to repeat this reasoning in the case of spacetimes with scalar fields, we 
need the appropriate formula for Bondi mass-loss. The gravitational contribution will 
again be expressed by the news function and there will be a contribution from the 
matter. The energy flux due to the matter is described by the energy-momentum 
tensor T ab (omitting tildes for clarity, in this subsection only). If we write, using the 
NP formalism, 

Tab = Al a l b + Bn (a l b ) + Cn a n b + (51) 

then the component A = T ab n a n b is the energy radiated out of I + (recall that n a is 
tangential to X+, l a points into the space-time towards X~). In terms of the Ricci 
spinor NP component we get 

T ah n a n b oz $ 22 . (52) 

For the complex scalar field (f> 7 $22 oc <f> <j>, where dot means the derivative with respect 
to u. 

§ In fact, in [4] we constructed the proof - and the same will be done here - at Z~ where the Bondi 
mass is non-decreasing but it is straightforward to get one from the other. Since it is more common 
to work at X+, in this section we discuss the Bondi mass there. 
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M B {u) = 



a°^° + k 



10 TO 



dS, 



(53) 



where k is a positive constant factor and is the radiative part of the scalar field, 
i.e. = 0° r _1 + (D(r~ 2 ). We shall now calculate the Bondi mass for the scalar field 
which will imply the exact formula for the mass-loss. 



4-1. Massless-KG field 

To compute the Bondi mass we use a method based on the asymptotic twistor equation 
as described in [17]. More detail can be found in [13] or [16]. In this approach we 
have to find the asymptotic solution of the Einstein-massless-KG equations in the 
neighbourhood of I + (in the physical spacetime). We give enough of this for our 
present purposes in Appendix C. 

The Bondi mass is then given by the coefficient /i^ 2 -*, which is the 0(Q 2 ) term in 
the expansion of the spin coefficient [i. This term is given by (C71) and reads 



,(2) 



,(0) 



(0) 



2A<°> 



(J, ■ — — KJKJU — ** 2 

Since the term <5<5a^ vanishes on integration, we find the Bondi mass to be (with the 
normalization used in I) 



M B (u)= 



M4 0) + 2A(°> + /'^» 



Using the expansion of A given by (C72) leads to the final expression 



M B (u) 



dS 



(0) 



■ d u 



(54) 



(55) 



To find the time derivative of the Bondi mass we use the leading term in the 
Bianchi identity (A7c): 



*< 0) + 2A<°>= +<jW^. 



(o) 



(56) 

The term d^/^ vanishes on integration. By (C72) we have "J/^ = — a (a \ The leading 

term of $ 22 is found from (8) to be $^ = ^ (0) 4> {0 \ and the mass-loss formula thus 
acquires the form 



Mi?(u) = - 



20? 



dS 



(7< >*< > + 2^4>^ 



(57) 



This expression is manifestly non-positive. If we demand the spacetime to be periodic, 
the Bondi mass must be constant, i.e. 
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4-2. Conformal-scalar field 

The same calculation can be repeated with minor changes in the case of the conformal- 
scalar field. Now we obtain following expressions for the Bondi mass and its "loss" : 



M B {u) = - 



1 



M B (u) 



2v^ 
1 



dS 



dS 



(0) 



*(0)£(0) 



+ 2 



i(o) 



(58) 



Now the formula for the rate of change of the Bondi mass is not manifestly 
non-positive, so it can apparently increase as well as decrease. This seems to be a 
consequence of the fact, that the energy-momentum tensor (36) does not obey the 
energy condition T a bl a n b > for arbitrary future null vectors l a and n a . 

However, if the Bondi mass is supposed to be periodic, its overall change AMb 
during one period T is non-positive. Indeed, 



u+T 



AM B = - 



+ 



2^ 



du 4>dS 



(59) 



20F 



dS 



u+T 



where we have integrated the term containing <^(°) by parts. The second term in (59) 
vanishes because of periodicity and we arrive at a manifestly non-positive expression 
for the loss of mass during one period. Such an expression can be periodic only if it 
is constant, so we again obtain the condition 



0. 



5. Periodic solutions are necessarily stationary: proof of the theorems 

5.1. The massless-KG field 

In this section we prove that all periodic asympotically-flat Einstein-massless-KG 
spacetimes, analytic near 1~ in the coordinates we shall introduce, are necessarily 
stationary. First we set up a coordinate system, choose the null tetrad and fix the 
conformal gauge as in paper I, and the justification for the assertions below is given 
there. The coordinates are denoted x M = (v,r,0,<j>). Here v is the affine parameter 
along the generators of 1~ and has the meaning of the advanced time. The coordinate 
r is an affine parameter along the null geodesies ingoing from I~ with the property 
fi = r + 0(r 2 ), and (6,<j)) are standard spherical coordinates on the unit sphere. 
The NP operators D, A and 5 representing derivatives in the directions of the vectors 
I, n and m (constituting the null tetrad) can be expressed in coordinates in the 
following way: 



D = 
A = 

S = 



P 1 



(60) 
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The metric functions H, C 1 and P 1 are governed by the frame equations 



AH 


= -(e + e), 




(61) 


5H 


= -K, 




(62) 


AC 1 


= -2TTP 1 - 27TP 1 , 




(63) 


SP 1 - 


SP 1 ^(a-^)P 1 - {a- 


VP 1 , 


(64) 


AP 1 


= - (I* - 7 + 7) P' - 




(65) 


5C 1 - 


DP 1 = -(p + e-e)P I - 


o-P 1 , 


(66) 



which can be understood as determining the non-zero spin coefficients. We choose 

P 2 = P 3 = -,J- on 1-. (67) 

V2 V2sin6» 

The metric functions H and C 1 vanish on I~ by construction, so the operator D 
reduces to d v there and we have: 

H = C 1 = 0, DP 1 = on X". (68) 
As a consequence of the choice of the coordinates and the tetrad we have 

p — p = [i — p, = v = it — cv. — j3 = f — f3 — a — 0, everywhere, 

1 _ (69) 

a = — B = = cot#, k = 0, on 1 . 

Exploiting the tetrad gauge freedom corresponding to the rotation of (m, m) we achieve 

7=0 everywhere, 

T- (?0) 
e = on I . 

Using the conformal gauge freedom we set 

jU = everywhere. (71) 

Recall from (24) that the physical scalar curvature is 0(f2 3 ). Eqs. (B14)-(B23) 
for the conformal factor then reveal that on I~ 

F = p = a = ir = ? =0, „ N 

(72) 

AS = ASi = AS 2 = DS 2 = 0. y ' 

Eqs. (B25) and (B26) for derivatives of F imply 

$00 = *oi = on X". (73) 

We saw in the previous section that the periodicity of the solution requires the 
constancy of the Bondi mass. This is expressed by the relations 



No periodic asymptotically flat solutions of the Einstein equations. 



15 



= A* = 0, 

tpo = = 0, 

These equations also imply Dpi = Dpi = onl", as can be seen from (BIO) and 
(Al)._ 

First we prove that, assuming periodicity, all NP quantities are time-independent 
on X~, i.e. independent of v. This follows immediately from the choices made above 
for all spin coefficients except for A. The Ricci identity (Abg) and Bianchi identity 
{Ala) show 

DX = $ 20 , L>$ 02 = 0, on I", (75) 

and therefore 

D 2 X = 0. (76) 
By the same argument as in [11] and [4], we conclude 

DX = on I", (77) 

since the equation (76) has a polynomial solution in v, but A can be periodic only if 
it is constant. Equation (75) then gives 

$20 =0 on X". (78) 
The conformal Bianchi identities (B32), (B34), (B36) and (B38) on Z~ simplify to 

£>Vi = 0, 

Dip 2 — Sipi= —2aip 1} 

1 / - ( 79 ) 

Dfa-6ip 2 = -2Xipi + - (</>D<pi + <j,D<pi) , 

Dtp4 - 6ip 3 = - 3 A ip 2 + 2 a (V»3 + <?Vi + 4><Pi) ~ ^ViVl + <M<£i + </><5^i- 
Applying D to these equations, we immediately see that 

D 2 ip n = on 2~ (80) 
for all n. By periodicity 

Dil) n = on I", (81) 

so all components of the Weyl spinor are v— independent on X~ . Because ij) n = f2 _1 \I> n , 
we have 

DAV n =0 on 1~ . (82) 
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Finally, we investigate the behaviour of the remaining components of the Ricci 
tensor, i.e., $11, $12, $22 an d A. The Ricci identity (A5/i) immediately shows 

A = on X". (83) 

Since /1 is identically zero not only on X~, but also in its neighbourhood, the Ricci 
identity (A5fc) on X~ reduces to 

$22 = - A A onl", (84) 

and therefore 

L>$22 =0 on X". (85) 
Applying D on the Ricci identity (A5r) leads to 

L>$2i =0 on 2T. (86) 

The spin coefficients a and j3 on I~ are given by (69). Inserting these into the Ricci 
identity (A5g) we find 

$11 = \ onl-, (87) 

so $11 is obviously v~ independent on X - . 

We have already shown that ipi and ipi are v— independent on X~. Equation 
(Bll) implies 

Dip 2 - 5yi= (P-a)ipi on 2T. (88) 
Applying D and assuming periodicity of the scalar field we conclude 

Dip 2 =0 onT. (89) 

Projections (B12) and (B13) of the wave equation and commutator (A3) applied to (f> 
reveals, after differentiating with D, that DAQ = on with 

Q S {<Po,<Pl,<Pi}- 
To show the same for Aip 2 we apply DA to (Bll) and obtain 

D 2 A<p 2 + 2<f>DAA = ^DAn- Lp 2 DA(e + e- p). (90) 
From Ricci identities (A5j), (A5i), (A5Q-(A5o) we find that DAQ = on X" for 

Q € {p,7r,a,cr,e,/3}. 
Applying DA to (A5/i) shows 

DAA = on X", 
and thus (90) implies D 2 Aip 2 =0onl _ , so by periodicity 



DA^ 2 =0 onF 
Thus, we have proved the lemma 



(91) 
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Lemma 5.1. The following quantities vanish on 1 : 



H, C',p, a, it, t, n, e, S , S 1: F, $ 00 , $ i, $02, A, ip , 
DP 1 , Da, DP, DX, DS 2 , AS , AS 1 ,AS 2 , 
D<p u D<pi,D<p2,D&tpo, DAn, DAtpf, DA<p 2 , 
D^D^D^D^, £>*n, D*i2, £)$ 22 . 



(92) 



Now we set up an induction, with inductive hypothesis: 
Suppose that DA^Q = onT~ for < j < k with 

Q G {H, C l ,P l ,e,p, a,\, it,t, K,a,(3,F,ip n , $ m „, A} 



and for < j < k + 1 with Q <G {SVn, <p m }. 

This holds for fc = by Lemma 5.1, so we need to deduce it for j = k + 1 from its 
validity for j < k. Here we closely follow the procedure we used in [4]. Applying DA k 
on (61) we find 



where the r.h.s. vanishes on I by the inductive hypothesis. By a similar argument 
we can deduce DA k+1 Q — on I~ 

• for H,C T and P 1 from (61), (63) and (65); 

• for k,£,7t,t, A, /3,a, p and a from (A5c), (A5/), (A5i)-(A5o); 

• for F from (B27), taking $ m „ from (8) and A from (9) and (24); 

• for $oo, $20, *oi and $ 2 i from (A6&), (A6rf), (A76) and (A7d); 

• for A, $22 and $n from (A5/i), (A5fc) and (A5g); 

• for il) ,i>ui>2 and ^ 3 from (B33), (B35), (B37) and (B39). 

Now, all quantities except for ip 4 are proved to satisfy DA k+1 Q = on T~ . 
Applying £>A fe+1 on (B15), (B18), (B22), (B12), (B13) and (A3) shows DA k+2 Q = 
on I" for Q G {5 , Si, S 2 , (fia, <pi, (fii}- 

Ricci identities (Abf), (A5i), (A5Z)-(A5o) and (A5/i) in this order imply 
DA k+2 Q = 0onr for 



Applying DA fe+2 on (Bll) implies D 2 A k+2 (p 2 = on I and using periodicity we 
obtain DA k+2 ip 2 = on 1~ . 

Finally, acting by DA k+1 on (B38) we find D 2 A k+1 ^ i =0onr, and therefore, 
by periodicity, 



This completes the induction. 

We have thus proved that all variables are v— independent on T~ and, assuming 
analyticity in r, in a finite neighbourhood. Since our set of variables includes also 
the functions H, C 1 and P 1 constituting the components of metric tensor, we can 
conclude that K = d v is a Killing vector of the unphysical metric. However, the 
conformal factor is v— independent as well, so the Lie derivative of the physical metric 
is 



DA k+1 H = -DA k (e + e) 



Q € {e, ir, j3, a, p, a, A}. 



DA k+l ^ =0 on 1~. 



^K9ab = - 2 3 
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i.e. K is also a Killing vector of the physical metric. 

The norm of K is given by the component g vv in the coordinates x^. The full 
form of the metric tensor <? M „ can be found in I, eq. (34). The norm of K is then 

g(K, K) = g vv = 2H - 2uu, 

where w = —C I Ri and Ri are 0(1) functions (see (33) in I). Frame equations (61) 
and (63) imply H,C ! = 0{r 2 ), the Ricci identity (A5j) with (87) shows s = -1/2 on 
I~ . From these relations we find the norm of the Killing vector to be 

g(K,K) = 2r 2 + 0(r 3 ). 

We can see that K is null on I~ and time-like in its neighbourhood. Our results are 
summarized in the following theorem. 

Theorem 5.2. A weakly- asymptotically- simple time-periodic solution of the Einstein- 
massless-KG field equations which is analytic in a neighbourhood of X" in the 
coordinates introduced above necessarily has a Killing vector which is time-like in the 
interior and extends to a translation on X" . 

5.2. The conformal- scalar field 

The proof for the conformal-scalar field is essentially the same as in the case of 
massless-KG field, the only difference lying in the Bianchi identities. These are not so 
complicated as in the previous case and we present them in their full form in Appendix 
B, eqs. (B59)-(B66). Our results are summarized in the following theorem. 

Theorem 5.3. A weakly- asymptotically- simple time-periodic solution of the Einstein- 
conformal- scalar equations which is analytic in a neighbourhood of X~ in the 
coordinates introduced above necessarily has a Killing vector which is time-like in the 
interior and extends to a translation on X~ . 

We briefly outline the main steps of the proof. We use the same coordinate 
system and tetrad, defined by (60) and (61)-(66), so all consequences of the choice 
of the gauge remain unchanged. Projections of the wave equation (B10)-(B13) and 
equations for the conformal factor, (B14)-(B27) differ only in the presence of the 
physical scalar curvature A, which in this case is zero. The form of the Ricci identities 
does not depend on the type of the matter field. Summa summarum, eqs. (60)-(78) 
hold without change. 

Now it is straightforward to see from the conformal Bianchi identities (B59)- 
(B62) that the Weyl scalars ip n are v— independent on I~ . Next we return to eqs. 
(83)— (91), which are again valid. So, lemma (5.1) holds. 

To finalize the proof we need to repeat the induction. In the previous case, in 
the inductive hypothesis we assumed that each quantity Q satisfies DA^Q = on 
I", where < j < k, and in addition, DA k+1 Q = on X~ for Q e {S a ,ip a }. This 
was neccesary, since the Bianchi identities contained derivatives of these fields. In the 
inductive step we were able to prove DA k+1 Q = on X~ for ^>„'s and for all other 
quantities. Moreover, we proved DA k+2 Q = on X~ for Q e {S a , fa}- 

In this case, the Bianchi identities actually contain the second derivatives of the 
fields S a and ip a , i-e. the third derivatives of fi and (f>. This is not a problem, however, 
as all third derivatives are multiplied by f2. Therefore terms with problematic DA k+2 - 
derivatives vanish on and the induction can be repeated without change. 

□ 
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6. Inheritance 

In the previous section we proved that if both gravitational and scalar fields are 
periodic near infinity, the spacetime is stationary there and the scalar field does not 
depend on time. However, there are examples known in which the gravitational field 
and its matter source do not share the same symmetries (see Paper I for a longer 
discussion). The question therefore is, whether a stationary gravitational field can be 
produced by a time-dependent source. In I we showed that this is not the case with 
an electromagnetic field - once the spacetime is stationary, the electromagnetic field 
must be too. Let us briefly recall the idea of the proof. 

In the electromagnetic case the components of the physical Ricci spinor have the 
simple form <& TOTJ = 4> m <p n . It is clear, that if the Ricci spinor is to be stationary, the 
electromagnetic field can depend on time only through the phase of <p m , i.e. 4> m = 
<Pme lx , where \ = x( v i r i xI )i but the modulus (p is time- independent. Now, by the 
Bondi mass-loss formula 0o = on I~ . Using Maxwell's equations we deduced that <p m 
are time- independent on Z~ , and by induction also in its neighbourhood. Therefore, 
if an asymptotically flat electro- vacuum spacetime is stationary, the electromagnetic 
field has to inherit stationarity. 

The situation is more complicated in the case of the massless-KG field, for now it 
is not obvious what kind of time-dependence of the scalar field <j) is compatible with 
the stationarity of the spacetime. We first find this time-dependence and then the 
result follows, using the Bondi mass-loss formula and induction. 

Theorem 6.1. In a stationary, analytic, weakly- asymptotically- simple solution of 
the Einstein-massless-KG equations with stationarity Killing vector K — d/dv, the 
physical massless-KG field must take the form <j> — e luJV (j)Q, where d v <j>o = 0. If the 
metric is analytic in a neighbourhood of I~ in the coordinates introduced above then 
4> is in fact time-independent. 

For the first part, we use the coordinate system introduced above and assume the 
stationarity of the spacetime. Hence, K = d v is a Killing vector of the metric and the 
Lie derivative Lk reduces to simple partial derivative with respect to v, which will be 
also denoted by a dot. Since A is stationary, Einstein's equations (7) imply 

d v {{p c Cp c ) = 0. 

The Lie derivative of the energy-momentum tensor (2) is then 

AirC K f ab = ^ a <^ fc + ^ a ^ b + <^ a + Vw a , 

where ip = <j> and tp a = V„i/). Let us decompose the fields <j> and tp into real and 
imaginary parts, 

4> = X + iY, ip = U + iW, (93) 
with X, Y, U and W being real functions. In this notation we have 

2irT ab = X a U b + Y a W b + X b U a + Y b W a = 0, (94) 

where X a = W a X etc. 

We first consider the case when the gradient fields X a and Y a are proportional in 
some finite region so that, by analyticity, they are proportional everywhere. Thus X 
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and Y are functionally dependent. If either were constant then that constant would 
be zero, since <j> = at infinity. Thus we may suppose that Y is a function of X and 
then 

<p a = (1 + iY')X a , D4> = (1 + iY'pX + iY"g ab X a X b , 

where the prime indicates derivative w.r.t X. 

If Y" — then Y = aX + b for constant a, b, but once again b must vanish 
by asymptotic flatness so <j> = (1 + ia)X and, after rescaling <j> by a constant, we 
may assume Y = whence also W = 0. Now (94) becomes X^JJ^ = from which 

necessarily [7 a = and <p = constant, but then asymptotic flatness forces = 0. 
If Y" ^ then 

DX = = g ah X a X b . 

Now 

4irf ab = 2(1 + Y' 2 )X a X bl (95) 
and one may impose on this expression the vanishing of £^T a fc. Introduce 
h := C K X, 

then this is 

C K (^f ab ) = 4Y'Y"hX a X b + 2(1 + Y' 2 )(h a X b + X a h b ) = 0. 

For nonzero h, this is only possible if h a is proportional to X a , so that h is a function 
of X and this condition becomes 

4Y'Y"h + 4h'(l + Y' 2 ) = 0, 

which can be integrated to give h 2 (l + Y' 2 ) = C, a constant. Now from (95) 

4irf ab K a K b = 2h 2 (l + Y' 2 ) = 2C, 

but this expression must vanish at infinity for asymptotic flatness, so C — so h = 0, 
and the scalar field inherits the symmetry of the metric. 

When X a and Y a are not proportional (except possibly on a set of measure zero) , 
return to (94) and choose a vector field Z a with Z a X a — but Z a Y a ^ 0. Contracting 
(94) with such Z a we find that W b is a linear combination of X b and Y b , from which 
we deduce 

W = f(X,Y). 

Similarly, contracting (94) with a different Z a satisfying Z a X a ^ and Z a Y a = we 
arrive at 

U = g(X,Y). 

Inserting this back into (94) we obtain 

g x X a X b + 2(f x +g Y )X {a Y b) + f Y Y a Y b = 0, 

where the subscript on / or g indicates the corresponding partial derivative. Since X a 
and Y a are assumed to be linearly independent, all terms in the last equation must 
vanish separately. We thus have three differential equations for / and g. The general 
solution is 

W = f = wX + f3, U = g = -wY + 7, 



No periodic asymptotically flat solutions of the Einstein equations. 



21 



with constant oj,(3 and 7. Regarding (93), for the field we have 
i> = iw(X + iY) + (j + if3). 

Since ip = <f), we can solve the last equation to find 

= 4> e iLOV + const. (96) 

However, the constant second term must be set to zero, as the field itself must vanish 
at infinity. 

We have shown that the most general non-stationary scalar field compatible with 
stationarity of the spacetime is of the form 

<^,r,z J ) = <Mr,xV^ (97) 

(It is not difficult to show the same result is obtained with a potential term V((p, <j)) 
added as in subsection 2.3, with the extra condition that necessarily also V must have 
the form V = F((fxf)).) We shall next show that nonzero co leads to the vanishing of 
(p. The stationarity of the spacetime implies the constancy of the Bondi mass, so (po 
is again zero on X~ . Now, if uj = 0, the field cf> is v— independent everywhere and is 
therefore stationary. On the other hand, if uj 7^ 0, then expanding (j) in the variable 
r and using (96), we find 

1 uj (j)^ = on T~ . 

so that 4>^ = 0. Continuing by induction, suppose that = for < j < k. 
Acting with A fc on (Bll) leads to (recall that p and e vanish on I~) 

iujA (k+1) (f> = on I". 

and since the constant co is assumed to be non-zero, it follows immediately that 

= 0. 

Hence, by induction and analyticity, the field <j) vanishes in a neighbourhood of T~ . 
This completes the proof of Theorem 6.1 and of inheritance for the massless-KG field. 

□ 

Let us now turn to the conformal-scalar field. Again, we demand the stationarity 
of the metric, and therefore also the stationarity of the energy-momentum tensor, 
but not the stationarity of the scalar field. Unfortunately, the complicated form of 
the energy-momentum tensor (36) does not allow us to find the most general time- 
dependence of (p compatible with the stationarity of the metric, and thus we cannot 
proceed as before. In addition, we cannot deduce any concrete condition on for we 
do not have a negative semi-definite mass- loss formula. Because of these complications 
we will only show that scalar field inherits the symmetry in a simpler case. Let us 
consider a complex conformal-scalar field with energy-momentum tensor 



4tt 



1 ^ c 1 ~ - = 1 ~- - 

^VtaVb) - ^9ab>fc^ - ~(f>V a ip b - -cj)V a g> b + 



ab 



(98) 



The Bondi mass-loss formula (59) now takes the form 
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^=-2^f AS 



<7<°> ^ (0) 



0(0) |(0) _ L 0(0) 0(0) 



(99) 



Although we cannot exclude the existence of some more general time-dependence 
of (j>, for the field of the form (97) the energy-momentum tensor (98) is stationary. In 
this case we can integrate by parts in (99) to find as in (59) 



v-\-2tt/lj 



AM e 



dv d> dS 



c? (0) + 3 



(100) 



Since we assume the stationarity of the spacetime, &^ = 0. The constancy of the 
Bondi mass then implies <fi^ = 0, i.e. 



D(f> = tp = on X~ . (101) 

Now we can proceed as in the case of massless scalar field. By (101) we have 
u) = or <jr- Q > =0. If u> = 0, the field is time-independent everywhere. If cf)^ — 0, or 
equivalently, 4> = on X~, we prove by induction that (f> — everywhere. 
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Appendix A: The general Newman-Penrose equations 

Al. Commutation relations 

The operators D, A, S and 8 satisfy commutation relations 



DS - SD = (tt - a - (3)D - kA + (p - e + e)S + aS, (Al) 

AD - DA = (7 + 7)£> + (e + e)A - (f + n)6 - (r + tt)<5, (A2) 

AS - SA = PD + (a + {3 - r)A + (7 - 7 - p)<5 - A<5, (A3) 

66 - 85 = (p - p)£> + (p - p)A + (a - /3)<5 - (a - 0)6. (A4) 

^4£. i?zcci identities 

Dp - 5k = p 2 + (e + e) p - k (3a + /3 - 7r) - tk + ctct + $ o, (A5a) 

£>ct - <5k = (p + p + 3e - e)cr - (r - tt + a + 3/3)k + * , (A56) 

Dt - Ak = p(r + 7r) + cr(f + tt) + (e - e)r - (37 + 7)^ + *i + $ i, (A5c) 

Da - 6s = (p + s- 2e)a + {3d - (3e - n\ - Rj + (e + p)ir + <f>i , (A5d) 

D{3 - Se = (a + ir)a + (p - e){3 - (p + j)k - (a - n)e + (A5e) 
Z?7 — Ae = (t + 7f)a + (f + tt){3 — (e + e)-f — (7 + 7)6 + tit — vn 

+ * 2 -A + $n, (A5j) 

D\ - Sit = (p - 3e + e)A + dp + (n + a - {3)tt - vR + <J> 20 , (A5#) 

Dp - Sir = (p - e - e)p + crA + (w - a + {3)ir -vk + ^ 2 + 2A, (A5A) 

Dz/ - Att = (tt + f)p + (tt + t)A + (7 - 7)tt - (3e + e)v + * 3 + $21, (A5i) 

AA — 5v = -(p + p + 37 - 7) A + (3a + /3 + tt - f)i/ - * 4 , (A5j) 

Ap-5v = -(p + 7 + 7)p - AA + j?tt + (a + 3/3 - r)i/ - $22, (A5fc) 

A/3 - £7 = (a + {3 - t)7 - pr + ctz/ + eP + (7 - 7 - p)/3 - aA - $12, (A5f) 

Act — <5t = — (p — 37 + -y)<T — Ap — (r + /3 — a)r + kz? — $02, (A5m) 

Ap - <5r = (7 + 7 - p)p - aA + (/3 - a - f)r + - * 2 - 2A, (A5n) 

Aa - (5 7 = (p + e)v - (r + /3)A + (7 - p)a + {{3- t)7 - #3, (A5o) 

(5p - (5ct = (a + /3)p - (3a - + (p - p)r + (p - p)/t - *i + $ i, (A5p) 
<5a - 5/3 = pp - Act + aa + (3{3 - 2a/3 + (p - p)7 + (p - p)e - * 2 + A + $n, (A5?) 

(5A - (5p = (p - p)z> + (p - /i)tt + (a + /3)p + (a - 3/3) A - * 3 + $ 2 i- (A5r) 
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D*i - 5* - D$ 01 + 5* 00 = (ir - 4a)* + 2(2p + e)*! - 3k* 2 + 2/c$ n 

- (n - 2a - 2/3)* 00 - 2cr$io - 2(p + e)* i + k$02, 
D* 2 - + A$ o - 5* i + 2-DA = -A* + 2(tt - a)*i + 3p* 2 - 2k* 3 

+2p$n + ct$ 2 + (27 + 27 - p)*oo - 2(a + f )$oi - 2t$io, 
L>* 3 - 5*2 - -C$21 + 5* 20 - 25A = -2A*i + 3tt* 2 + 2(p - e)* 3 - k* 4 

+2/i$io - 2tt$ii - (2/3 + 7r - 2a)* 20 - 2(p - e)* 2 i + k$ 22 , 
D* 4 - + A* 20 - 5*2i = -3A* 2 + 2(a + 2tt)* 3 + (p - 4e)* 4 + 2^$i 

-2A$n - (27 - 27 + p)* 20 - 2(f - a)* 2 i + ct$22, 



(A6a) 
(A66) 
(A6c) 
(A6d) 



A* - 5*i 



<5*c 



*oi - (4 7 -^)*o-2(2r + /?)*! 
2e - 2e)$ 2 + 2<t*h 
A*! - 5*2 - A* 01 + 5* 



L»*02 



^02 



3cr* 2 

2/s*i2-A$oo + 2(7f- / 9)* i, 

2<5A = ^* + 2(7 - p)*! - 3t* 2 + 2(7*3 

-P*oo + 2(p - 7 )*oi + (2a + f - 2/3)$ 02 + 2r*n - 2p* i2 , 
A* 2 - 5*3 + -D*22 - 5*2i + 2AA = 2^*i - 3p* 2 + 2(/3 - t)* 3 + er* 4 

-2p*n - A$2o + 2tt*i2 + 2(/3 + tt)* 2 i + (p - 2e - 2e)* 2 2 
A* 3 - 5*4 - A*21 + 5*22 = 3z/*2 - 2(7 + 2p)* 3 + (4/3 - t)* 4 - 2^*ii 
-i>*2o + 2A*i2 + 2(7 + p)* 2 i + (f - 2/3 - 2a)* 22 , 



(A7o) 
(A76) 
(A7c) 
(A7d) 



£>*n - 5* 10 + A*oo - 5*oi + 3DA = (2 7 + 27 - p - p)$ 00 + (tt - 2a - 2f )* i 
+ (?f - 2a - 2t)$ 10 + 2(p + p)* n + ct* 02 + cr* 20 - S*i2 - «*2i, (A80) 

L>*i2 - 5*11 + A*oi - 5*02 + 35A = (2 7 - p - 2p)* i + z>* 00 - A*i 

+ 2(tt - r)* n + (tt + 2/3 - 2a - f)* 02 + (2p + p - 2e)*i2 + cr*2i - K* 22 , 

D* 22 - 5*2i + A$n - 5*12 + 3AA = i/* i + ^$10 - 2(p + p)*n - A* 02 - A* 20 
+ (2tt - f + 2^)*i2 + (2/3 - r + 2tt)$ 2 i + (p + p - 2e - 2e)* 22 . (A8c) 
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Appendix B: The conformal field equations 

Bl. The conformally-rescaled wave equation 

The wave equation dtp = in the physical spacetime is not conformally invariant. 
If (j) is the solution of the physical wave equation, then the unphysical scalar field </> 
satisfies equation (32), 

viva* - 2 (a - rr 2 A) ^e AB . (B9) 

The projections of this equation are the following: 

Dipi - 5ip a = (n — a — (3)(p + (p + e - e)<pi + api - K(p 2 , (BIO) 

Dip 2 - Sipi = -fitpo + tt^i + (tt - a + P)ipi + (p-s- e)ip 2 - 20(A - ft~ 2 A), (Bll) 

Aipo -6<p!= (7 + 7 - »)<Po + {fi-a- f )v?i - r<pi + p<p 2 - 2</>(A - fT 2 A), (BI2) 

Aipi - Stp 2 = vip - Xipi + (7 - 7 - fi)ipi + (a + ft - f)ip 2 . (B13) 

Appropriate equations for the conformal-scalar field can be obtained from (BI0)-(B13) 
by setting A = 0. 

B2. Equations for the conformal factor 
The projections of equation (23), 

^AA'SBB' = Q&ABA'B' - Q^ABA'B' + (AB^A'B' (ftA - fi _1 A + F^j , 

are the following! |: 



DS 


— (e + e) So + kSi + kSi 


= ft $00 


- ft$oo, 










(B14) 


ASo 


- (7 + 7)6*0 + fSi + t Si 


= n*n 


- n$n 


+ riA 


- ft 


- X A 


+ F, 


(B15) 


SSo 


- (a + /3)S* + pSi + a Si 


= ft $01 


- ft $01, 










(BI6) 


DS X 


- ttSo + (e-e)Si + kS 2 


= ft $01 


- ft$oi, 










(BIT) 


A Si 


- VSo + (7-7)51 + tS 2 


= ft$ i2 


- ft $12 










(B18) 


6Si 


- XSo + (a-/3)Si + <jS 2 


= ft $02 


- ft $02, 










(BI9) 


SSi 


- /2 S + - a)S\ + pS 2 


= ft$u 


- ft$H 


- riA 


+ rr 


- X A 


- F, 


(B20) 


DS 2 


- ttSi - 7f5i + (e + e)S 2 


= ft$n 


- ft$n 


+ OA 


- ft- 


- X A 


+ F, 


(B21) 


AS 2 


- vSi - 9 Si + (7 + 7)5*2 


= ft $22 


- ft $22: 










(B22) 


ss 2 


- pS 1 - A Si + (a + 0)S 2 


= ft $12 


- ft$12- 










(B23) 



Equation (29) for the derivatives of F = (1/2)0 1 s c s c , 

\7 AA ,F = s BB ' ^ aba 1 B' - s BB ' <S> AB A>B> + (A - IT 2 A) s AA ,, (B24) 
has the following projections: 

|| There is a misprint in Paper I: in eq. (B.2a) the sign at (e + e)So should be "minus" as in (B14). 
This docs not affect the results of Paper I. 
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DF = S 2 $ o - Si $10 + So $11 - Si $oi 

-S 2 $ 00 + Si $io - So $n + Si $oi + (A - n _1 A)So, 
SF = S 2 $oi - Si $n + So $12 - Si $02 

-S 2 $oi + Si $n - So $12 + Si $02 + (A - n _1 A)Si, 

AF = S 2 $11 - Si $21 + S $22 - Si $12 

-S 2 $n + Si $21 - So $22 + Si $12 + (A-n- 1 A)s 2 . 



(B25) 
(B26) 
(B27) 



B3. Conformal Bianchi identities for the scalar field 

Let us write the conformal Bianchi identities (18) for the scalar field in the form 

Xabca' = Yabca 1 , (B28) 
where (for notation see (14)) 

Xabca> = ^a'^abcd ~ 2 4>(j>sf c $AB)A>B>-, 

Y A bca> = 4 ( 8 <p0) + 2<t> (V#) + 24>(Vs<p) (B29) 
1 (V pCp) - <j><j> 2 (sips) - 4>4> 2 (sips) (B30) 



+ 4fl 



2 

- 4fl' 2 <j>0 (sipip). (B31) 

Since both sides arc totally symmetric in ABC, we denote their contractions with 
spinors o and l by the number of t's in the first index and number of Z's in the second, 
e.g. X 20 = X A bca'0 A l b l c o a ' , X i = Xabca'0 A o b o c l a ' . 
The components of Xabca 1 read as follows: 



X 00 = -Dtp! + 5ip + (tt - 4a)^ + 2(e + 2p)V>i - 3nip 2 

+#(-2Si$oo + 2S $oi), 
X 01 = A^o - Hi + (M - 47)^o + 2(0 + 2r)Vi - 3^2 

+#(2S $o2-2Si$oi), 
X 10 = -D1P2 + <5Vi - A-00 + 2(tt - ajip! + 3ptp 2 - 2/«/>3+ 

+(2/3)# (Si $01 - S 2 $ 00 + 2S $ii - 2Si$i ) 
X n = Aipi - 6ip 2 - vip + 2(p - 7)1/11 + 3-n/>2 - 2atp 3 

+(2/3)# (Si $02 - S 2 $oi + 2S $i 2 - 2S 1 $n) 
-^20 = -Dip 3 + Sip 2 - 2\ip 1 + 3mp 2 + 2(p - e)ip 3 - nip 4 

+ (2/3)# (S $21 ~ S!$ 20 + 25!*!! - S 2 $io) , 

X 2 i = Aip 2 - 5tp 3 - 2vipx + 3/# 2 + 2(r - /3)tp 3 - en/> 4 

+ (2/3)# (S $22 ~ Si $21 + Si$i2 - S 2 $n) , 

X 30 = -Dip 4 + o z ip 3 -3\ip2 + 2(a + 2Tr)ip 3 + (p-4s)ip 4 
+ H> (2Sl$21 - 2S , 2$ 20 ) , 



(B32) 
(B33) 
(B34) 
(B35) 
(B36) 
(B37) 
(B38) 



No periodic asymptotically flat solutions of the Einstein equations. 



27 



X 31 = AV> 3 - Si> 4 - 3^2 + 2(7 + 2fi)ip3 + (r - 4/3)^4 

+(f>4> (2^i$ 22 - 2S' 2 $ 21 ) . ( ' 

We do not present the projections of Yabca 1 in full detail since they are too long. 
However, the structure of all the terms entering this spinor allows one to reconstruct 
its components from a knowledge of the components of spinors (siptp) and (Vsy), if 
appropriate interchanges of s, ip and (p are made. For expressions of the type (s<p(p~) 
we get 



(B42) 
(B43) 
(B44) 
(B45) 



2 (sip(p) 00 = 2Siipo<po — So{<po<fii +<pi<po), (B40) 
2 (sipip) 01 = -2S ipif>i + Si(ipoCpi + ipiipo), (B41) 
6( S( /"?)io = So{'Po i P2 + <P2<Po + 'Pi<Pi + 'Pi(pi) + ^S 1 (<p <pi + (pi<p ) 

-Si(ipotfi + ipi<po) + 2S 2 <poP>o-> 
6(stp<p) n = -25 (</?2<?i + <pi(f>2) + Si(ip ip2 + <P>2<Po + tpwi + fffil) 

-2S\ip\(p-i + S^VWi + <pi<p~o), 
6{sip(p) 20 = -S {tp2<Pi+iPi<P~2) + 2Si(pitpi 

-S\(ip (p2 + <P2>fo + <Pi<Pi + + 2S 2 {tpo ( Pl + <Pi<Po), 

6{s(p(f) 21 = -2S (p 2 f>2 + Si(ip 2 <fl + <Pl<f2) 

-2Si(<f2<Pl + H>\$2) + S2(ipo¥>2 + <P2>fO + <Pl<Pl + Plfil), 

2 ( s< /?^) 3 o = -Si{f2<fil + + 2S 2 ipwi, (B46) 

2(stp<p) 31 = -25 , i^2^2 + S2{fi<fi2 + <f2<Pi)- (B47) 

The expressions of type (Vsy) (and their projections) can be slightly simplified 
by observing that both s a and ip a are gradients of scalar functions, namely f2 and 4>. 
Since the commutator Va'(a^b) annihilates any scalar quantity, we have 

Va>{aSb) = Va'(aVb') = 0, (B48) 

and thus 

{Vsip) = |s B '(aVcVb)A' + 7}<Pb>(a^c S B)A> = - (sVtp) - {ipVs) . (B49) 
The components of (sVip) are 

2 (sV</?) 00 = S [Sifo + a)<fi + Pfi + <r<Pi] 

+Si [-Dipo + (e + e)tpo - «¥>i - Kipi] , 
2(sV<^) 01 = S [Sipi - Xipo + o-ip 2 + {a - P)<pi] 

+Si [-Dpi + nip - Kip 2 + (e - e)<Pi] , 
6 {sV(p) w = S [A(p + Sipi - (7 + 7 + fj,)ip + pip 2 +ftpi + (/3 + T- a)<pi] 

+Si [-Dipi - Stpo + (it + a + j3)ip - k<p>2 ~ vpi + (e - P — e)ipi] 

+§! [6tp - (a + l3)ipo + P<Pi + vpi] (B52) 

+S 2 [-Dtpo + (e + e)ip - Kipi - ntpi] , 
6 (sV<p) u = S [Atp! + Sip 2 - D<po + (/3 + t + a)ip 2 + (7 - 7 - - ^fl] 



(B50) 
(B51) 
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(B56) 
(B57) 



+5i [-D<p2 - 6ip 1 + fiipo - (p + e + e)tp 2 + {n + a - j3)<p! + nipi] 
+5i [Sip! - X(fi + 0-LP2 + (a - /3)<pi] (B53) 
+S 2 [-Dipi + Tr(p - nip 2 + (e - e)<pi] , 

6 (sV^) 20 = So [A<pi - vtpo + f<p 2 + (7 - 7)^i] 

+Si [—Sipi + X(po - &ip2 + (fi — ct)(pi] (B54) 
+Si [Aipo + Sipi - (7 + 7 + fj,)(p + p^pi + fipt + (/3 + t - a)ipi] 
+S 2 [-Dipi - dtpo + (7f + a + j3)ip - tiip 2 - atpi + (e — e — p)tpi] , 

6(sVtp) 21 = S [Aip 2 + (7 + 7V2 - v<pi - vtpi] , 

+Si [-6<p 2 - (a + f3)<p 2 + Xipi + fupi] (B55) 
+5i [Aipi + 5tp 2 - Dtpo + ((3 + t + a)tp 2 + (7 - 7 - p)<pi - Xipi] 
+S 2 [—Dip 2 - Sipi + p,<po - (p + £ + s)<P2 + (tt + a - (3)ipi + nipi] , 

2 ( sV( ^) 3 o = & l A( Pl ~ "Vo + f(f2 + (7 - 7)^i] 

+S 2 [—5<pi + Xtpo - &tp 2 + (/3 - a)tpi] , 
2(sV<^) 31 = Si [Aip 2 + (7 + 7)^2 - vifii - v<Pi] 

+S 2 [—5(f2 — (a + f3)ip 2 + Xipi + p,(pi\ . 

B4- Conformal Bianchi identities for the conformal- scalar field 
The projections of the Bianchi identities (44) 

V^' i^ABCD = 3 sf c 4>AB)A'B' + ^f C ( t>AB)A'B' (B58) 

are as follows: 

Dipi - tyo = (tt - 4a)V>o + 2(e + 2p)Vi - 3/s$j - 3Si0 oo + 3S o 0oi 

+ n[D<j) i - (50oo + (2/3 - 2a - 7r)0 oo - 2(e + p)<j> 01 - 2a<f> n + /t0 O2 ], 

(B59) 

D?/>2 - Sipi = — Xtpo + 2(7r — a)ipi + ipi\) 2 — 2nip3 
+ 25 o 0n + Sifoi - S 2 (f>oo - 5*1010 

+ g^[2-D0n - A0oo + 2(50io ~ (50oi 

+ (2 7 + 27 + 2p - m)0 oo - 2(7r + a + f)0 ol - 2(tt + r- 2a)0i O 

+ 2(p-2p)0 n + 2S0 12 + 2K021 + CT0O2 - 2(T02o], 



(B60) 



L>-03 - (50 2 = -2A0i + 2tt-02 + 2(p-e)i> 3 - 

+ S*O021 - S*102O - 252010 + 25l0n 

+ io[2A0 lo - D<p 21 - 2(50!! + (5020 

+ 2^0oo - 2A0m + 2(^-^ + 27)010 - 2(tt + 2f )0n 

+ 2a-0i2 + 2(p- ^ + 6)021 + (2<5 - 2/3 - 2r - 7f)0 2O + K0 22 ], 



(B61) 



L>V4 - (5^ 3 = -3A^2 + 2(a + 27r)^ 3 + (p - 4e)0 4 + 35i0 2 i - 3S* 2 
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+ £1[A0 2O - &<j>2i 

+ 2i/(/)io - 2A0n + 2(a-f)0 2 i + (27^27-/2)^20 + ^22], 

AV-o - <5^i = (4 7 -M)^o - 2(/3 + 2t)^ + 3aV> 2 + 35i0 O i - 35 O O2 
+ n[- L>0 O2 + 50oi 

- A0 OO + 2(tt-/3)0 O i + 2ct0ii - 2k0 12 + (2e- 2e + p)0 O 2], 
AV>i — <5^2 = v>po + 2(7 - //)0i - 3t?/>2 + 2o-^ 3 

+ 5*2001 + 25i0n - 25 O 012 - 51002 

+ ift[A0 O i - (5002 + 2(50 n - 2L»0i2 

- i>0oo + 2(jit - p - 7)0oi - 2A0io + 2(r + 27f)0n 

+ 2(p - p - 2e)0i2 + 2cr02i + (2tt + 2a - 2/3 + f )0 O2 - 2k0 22 ] 



(B62) 



(B63) 



(B64) 



A-02 - (5^3 = 2i/0i - 3^?/> 2 + 2(/3 - r)V>3 + 0"04 

+ 25*2011 + 5*1021 - 5 O 022 - 25i0i 2 
+ -Q[2A0n + (5021 - 25012 - £>022 

O 

- 2^0oi - 2P0io + 2(2/i-^)0ii + 2(7T + f- 2/3)0i2 

+ 2(/3 + t + 7f)02i + 2A0O2 - A02o + (p-2p-2£-3e)02 2 ], 

(B65) 

AV-3 - (5^4 = 3^2 - 2(7 + 2^3 + (4/3-r)V 4 + 35 2 2 i - 35i0 22 

+ f2 [A021 — 5022 

- 2i/0n + 2A012 + 2( 7 + /i)02i - j?02o + (f- 2a -2/3)0 22 ]. 

(B66) 
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Appendix C 

The asympotic solution of the Einstein-massless- scalar- field equations 

Although we want the results at I - , we follow the usual convention and find the 
asymptotic solution of the field equations in the physical spacetime first in the 
neighbourhood of 1 + . The results can be easily translated to 1~ . For the solution, 
we closely follow the procedure presented in [17] for the vacuum spacetimes. The 
coordinates, tetrad and conformal transformations of the spin basis are identical to 
those used therein, and in this Appendix, since we don't consider unphysical quantities, 
we omit the tildes from physical quantities. 
We define 

fa = D4>, ipx = 54>, ipi = 54>, ip 2 = A0. (C67) 

The components of the Ricci spinor and the scalar curvature are given by (8) and (9). 
The asymptotic behaviour of these quantities is as follows: 

$00, $01, $02 = 0(Q A ), 

$n, $12, A - 0(f> 3 ), (C68) 

$22 = o(n 2 ). 

Assuming analyticity we can expand any quantity X = 0(il k ) in a series of the 

form 



X= ^X«(u,0,4>)Q i+fe . (C69) 

i=0 

Using the field equations, i.e. the Ricci and Bianchi identities and the frame equations, 
we arrive at following asymptotic solution for the spin coefficients (setting $„ m = 
and A = we recover expansions valid for the vacuum case which can be found, e.g. 
in [17], section 3.10): 



a = 




+ o(n 4 ), 


P = 


-n + 


p^n 3 + o(o 4 ), 


a = 


ail + 


a«0 2 + 0(tt 3 ), 


P = 


— aCl - 


- a^'Sl 2 + 0(il 3 ) 


IT = 




2 + o(n 3 ), 


A = 




+ x (2) n 2 + o(n 3 ), 


7 = 




+ o(n 3 ), 


M = 


2 


+ ^n 2 + o(o 3 ), 


v = 


O(fi). 





(C70) 



where 
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(2) 


(0) -(0) , /r(0) 






a = 


- (2V2)- 1 cote, 






a« = 


+ a *w, 






7 (2) = 


aSaM - a9<r<°> - 


5 K' 


+ *K> - 


A (2) = 








M (2) = 


-cW°) - - 


2A(°) - 





AW) 



(C71) 



For the relevant Weyl scalars and Ricci tensor components we have 



*2 

* 4 



>(0) o3 



$11 = - 2 9 « 



0(ft 4 ), 

1 



(,(0) 



(C72) 



n 3 + o(n 4 ), 
n 3 + o(n 4 ). 

Appendix D: Selected solutions to the Einstein-conformal-scalar equations 



A 



1 A 
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We first briefly survey some explicit stationary solutions to the Einstein-conformal- 
scalar equations which satisfy the requirements of our theorem. To explore the field 
equation (37) further, we also present two families of time-dependent solutions. Some 
are singular when cf) 2 — 1, some are not and in some cf) 2 never takes the value one. 

Dl. Stationary solutions 

Over fifty years ago Buchdahl [7] demonstrated how from any given static vacuum 
solution a one-parameter family of pairs of solutions of Einstein's equations with 
massless scalar field can be constructed. Later Bekenstein [2] showed how from any 
Einstein-scalar field solution the corresponding Einstein- conformal-scsd&r field solution 
can be found. In particular, considering any static vacuum solution in the form 



W- 2 h i3 dx l dx J , 



ds 2 = W 2 dt 2 
two Einstein-conformal-scalar solutions are 



(D73) 



ds 2 = i (W? ± w-f>) 

[T 1 T w 2 ? 
~ V 4tt 1 ± W 2 ? ' 



[W 2a dt 2 



W^hijdx 1 dx j ] 



(D74) 



where a = (1 — 3/3 2 ) 1 ' 2 and j3 e (— -j=) is a free parameter. Upper and lower 
signs, respectively, in (D74) correspond to two types of solutions A and B. If the 
solution (D73) is asymptotically flat, so is the type A solution. Hence, many solutions 
satisfying our assumptions are available. 
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A special spherically symmetric solution -after choosing a suitable radial 
coordinate- reads 



ds 2 =(l-j) dt 2 - (l - j ) df 2 - f 2 (d6 2 + sin 2 6dcf) , 

(D75) 

The geometry is identical to that of an extreme Reissner-Nordstrom black hole, 
so it can be analytically continuated to f < m. However, <f) and (V a 0)(V°</>) diverge 
at the "horizon" f = m. Nevertheless, this infinite scalar field does not imply an 
infinite barrier for test scalar charges and the solutions are often regarded as "black 
holes with scalar charge" [3] . In any case, both geometry and scalar field are analytic 
at f — > oo satisfying our requirements. 

Bckenstein's work inspired a number of more recent papers: for example, 
Einstcin-conformal-scalar-field solutions were analyzed in arbitrary dimensions [19], 
self-interacting scalar fields were considered [9], and transvcrsable wormholes from 
massless conformally coupled and other scalar fields non-minimally coupled to gravity 
were constructed [1]. 

D2. FLRW metric 

In this section we present simple homogenous isotropic solutions of the Einstein- 
conformal-scalar equations. We shall take the metric in the standard form 



ds 2 = dt 2 - a 2 (t) 



<l '"' + r 2 (d^ + sin 2 ^ 2 



1 — k r 



(D76) 



where k € { — 1,0, 1}. The energy-momentum tensor is given by (38). Since this tensor 
is traceless, the scalar curvature must vanish: 

R = X \k + a 2 + ao] =0. 
or 

Solutions to this equation are 



a(t) - y/ Cl - k(t + c 2 ) 2 for k £ 0, 
a(t) = c 1 y / 2t + c 2 forfc^O. 

The conformally-invariant scalar field in the physical spacetime satisfies 
d'Alembert's equation D(f> = 0. Because the space-time is assumed to be homogeneous 
and isotropic, we suppose that the field does not depend on the spatial coordinates. 
D'Alembert's equation then reduces to 

U(j){t) = 4> + ^ = 0. (D78) 

For given a(t), the solution can be found explicitly: 

dt 



4>{t) - C 3 + c 4 J 



« 3 W 
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In the following short discussion we consider three cases for the three possible 
values of k. We solve the wave equation, find the components of the energy-momentum 
tensor and see that these components do not exhibit the singularity formally present 
in (38). 

a) k = 0. Imposing the initial condition a(0) = leads to 



a(t) = V2Ct, (D79) 
where C is an arbitrary positive constant. The general solution of (D76) is 

<P(t) = a + A 

Einstein's equations then imply 
a = ±1, 

and /3 is nonzero but arbitrary. Note that </> 2 = 1 at t = /3 2 /4 if a(i/\(3\ = — 1, but <j) 2 
is never one if a/3/|/3| = +1. The components of the energy momentum-tensor are 



1 ,. / 3 C Cr 2 Cr 2 sm 2 d\ m . 

Obviously, T a i, is regular unless t = 0. This is the expected initial curvature singularity 
(for example, the Kretschmann invariant R a bcdR abcd = 3/(2t 4 ) diverges for t = 0). 
As noted, above the term (1 — (f> 2 ) may or may not vanish depending on the constants 
of integration but even when it does there is no singularity in T a & despite the form of 
(38). 

b) k = —1. Again, we demand o(0) = 0, so a(t) is of the form 



a(t) = y/t (t + C). 
The general solution of the wave equation is 



M=a + p 2 -i+°, (D81) 



and Einstein's equations give 



a = coshx,/? = sinhx, (D82) 

where \ 1S an arbitrary constant. Now (1 — <ft 2 ) will vanish at some t > for \ < 
but not for \ > 0. The components of the energy-momentum tensor are 



T -= 3^) d ^{J(rrih yys ' m29 )^ (D83) 

and they are again singular only for t = 0, and not at 4> 2 = 1. 

c) k = 1. Now we impose conditions o(0) = and a(T) = 0, so that 



a(t) = y/t(2T - t). 
The solution of the wave equation is 
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0(t)=a + 0^p (D84) 
and Einstein's equations imply 

a = cosx,/? = sin%. (D85) 

In this case, </> 2 always takes the value one for some time, but the components of the 
energy-momentum tensor are 

T <* = 8^ diag (^)'T^' rV2sin20 )' (D86) 

and are nonsingular at (f> 2 = 1. 

In [2] , cosmological solutions were also considered (both conformal scalar field and 
incoherent radiation), however, singularities in T ab for scalar field were not discussed. 

D3. PP-waves 

We can find pp— wave solutions with this source: consider the pp— wave with metric 
given by 

ds 2 = 2 H (u, x, y) du 2 + 2dudv - dx 2 - dy 2 . (D87) 

For simplicity, we assume that the scalar field <fr = <f>(u, x, y) does not depend on v. 
The wave equation is then 

□0- ~<t> xx - 4>yy - 0, (D88) 

with subscripts denoting corresponding derivatives. We can take the general real 
solution to be 



(j>(u,x,y)= f(u,x + iy)/2 + f(u,x-iy)/2, (D89) 
where / is an arbitrary real function of two variables. Let us denote 

K ab = R ab + 8irT ab , (D90) 
so that Einstein's equation are K ab = 0. One of these equations is 

K m = = °> (D9I) 

from which we find 

4> = /(«)■ (D92) 
Then the only remaining non-zero component of K ab is 
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^oo = H xx + H m + -^—p (//«« - Vt) • (D93) 
Solving the equation K ao = with respect to H we arrive at 

H= C(u,x + iy) + C(u, x - iy ) + ^^l^^_iM(D94) 

Here, C and / are arbitrary real functions. As we can now see, the metric function H 
is singular if ever / = <f> = ±1 and this, if it occurs, will be a curvature singularity. 

In [14], a large class of solutions of the Einstein-conformal-scalar equations for 
colliding plane waves was found by employing the Bekenstein transformation [2] . 
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